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Abstract
For each n and for each r6n − 3 we obtain the maximum number of edges of a connected
graph with n vertices which cannot be spanned by r disjoint paths. We also obtain all connected
graphs which achieve the maximum, of which there are two types. c© 1999 Elsevier Science
B.V. All rights reserved.
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1. Introduction
The graphs we consider are undirected, and without multiple edges or loops.
A well known and curious result of Bondy [1] is that the maximum possible number
of edges in a non-hamiltonian graph with n vertices is achieved uniquely by the com-
plete graph Kn−1 with the addition of one extra vertex of degree 1 except when n=5,
when there is one additional maximum non-hamiltonian graph. We nd similar anoma-
lous results concerning connected graphs which cannot be spanned by r disjoint paths.
Indeed, nding the maximum size of such graphs can be regarded as a generalization
of the problem of nding maximum non-hamiltonian graphs.
A set of paths are said to span a graph if each vertex of the graph is in at least one
of the paths. For n>3 and for 16r6n − 3 let E(n; r) be the least integer such that
all connected graphs with n vertices and more than E(n; r) edges can be spanned by r
disjoint paths. Note that any connected graph with n vertices can be spanned by n− 2
disjoint paths as any connected graph with 3 or more vertices has a path of length 2
which can be taken together with n − 3 isolated vertices; a star is an example of a
graph which cannot be spanned by fewer than n− 2 disjoint paths.
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An alternative description of a graph which cannot be spanned by r disjoint paths
is that it cannot be made hamiltonian by the addition of no more than r edges; from
this point of view, r = 0 can be allowed, which characterizes non-hamiltonian graphs.
All following results hold when r = 0.
2. Characterization of graphs not spannable by r disjoint paths
Lemma 1. Given a graph G and an integer r; let G^ be the graph formed from G by
adding r new vertices; each one adjacent to every vertex of G and all adjacent to each
other. Then G can be spanned by r disjoint paths if and only if G^ is hamiltonian.
Proof. If G can be spanned by r disjoint paths, we can use the additional vertices to
link these paths and so form a hamiltonian cycle of G^. Conversely, from any hamil-
tonian cycle of G^ we can delete the vertices not in G and obtain at most r disjoint
paths which span G, and we can obtain exactly r such paths by deleting edges.
This lemma allows any result on hamiltonian graphs to be applied to graphs which
can be spanned by r disjoint paths. In particular, we have the following lemmas.
Lemma 2. If G is connected with n vertices and cannot be spanned by r disjoint
paths; then for some k; r + 16k < (n+ r)=2
dk6k − r; dn+r−k <n− k;
where d1; d2; : : : ; dn are the degrees of the vertices of G arranged in non-decreasing
order.
This is obtained by applying Chvatal's well known necessary condition [2] for
non-hamiltonian graphs to G^, which has n+ r vertices and in which a vertex of degree
d in G has degree d+ r.
Lemma 3. If G can be spanned by r disjoint paths; then for all S 2 V (G); G − S
has at most jSj+ r connected components.
This is because each vertex deleted can increase the number of paths required to span
the remaining graph by at most one, so G−S can be spanned by at most jSj+ r paths.
3. The graphs D(n; r; k)
For each n>3, for each r, r6n − 3 and for each k, r + 16k < (n + r)=2 we
dene D(n; r; k) to be the unique graph with n vertices of which k have degree k − r,
n+ r − 2k have degree n− k − 1, and the remaining k − r vertices have degree n− 1.
Its uniqueness can be seen by noting that deletion of the vertices of maximum degree
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leaves a subgraph which has k isolated vertices and a connected component which is
the complete graph Kn+r−2k .
By Lemma 2, if G is a connected graph with n vertices which cannot be spanned
by r disjoint paths, it has no more edges than some D(n; r; k) and unless G=D(n; r; k)
for some k, there exists a D(n; r; k) with more edges than G. We can use Lemma 3
with S the set of vertices with degree n− 1 to show that D(n; r; k) cannot be spanned
by r disjoint paths. We therefore have:
Lemma 4. Every connected graph with n vertices which has maximum size subject
to it not being possible to span it with r disjoint paths is D(n; r; k) for some k;
r + 16k < (n+ r)=2; and consequently
E(n; r) = max
r+16k<(n+r)=2
jE(D(n; r; k)j:
Note that as r6n− 3 the range of values of k is non-empty.
4. Evaluation of E(n; r)
By taking half the sum of the degrees, we see that
jE(D(n; r; k)j= 12(k(k − r) + (n+ r − 2k)(n− k − 1) + (k − r)(n− 1))
=

n− r − 1
2

+ r + 1 + 12(k − r − 1)(3k − 2n+ r + 4):
For xed n and r this is a convex function of k and so attains its maximum value
at an extreme value. To evaluate the maximum, we need only compare its value at
k = r + 1 with that at k = [(n+ r − 1)=2]; the condition for the maximum to occur at
the higher end of the range is that
3[(n+ r − 1)=2]− 2n+ r + 4>0:
If n+ r is odd this is so for 5r>n− 5, and if n+ r is even for 5r>n− 2. Thus we
have:
(i) For n 6 rmod 2 and 06r6(n−5)=5, and for n  rmod 2 and 06r6(n−2)=5,
E(n; r) =

n− r − 1
2

+ r + 1; (1)
(ii) For n 6 rmod 2 and (n− 5)=56r6n− 3,
E(n; r) = 18 (3n+ r − 1)(n− r − 1); (2)
(iii) For n  rmod 2 and (n− 2)=56r6n− 3,
E(n; r) = 18 ((3n+ r − 1)(n− r − 1)− 2n− 2r + 7): (3)
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5. The maximum graphs
The upper bounds in Eq. (1) are achieved by D(n; r; r + 1), and in Eqs. (2) and
(3) by D(n; r; [(n + r − 1)=2]); we call these respectively Type I and Type II graphs,
although for r = n− 3 and r = n− 4 the two types are identical.
We can see that unless n  0mod 5 and r=n=5−1 or n  2mod 5 and r=(n−2)=5
there is a unique maximum graph. The range of values for which the maximum graph
is Type I or Type II is as below:
Type I Type II
n  0mod 5 06r6n=5− 1, r = n− 4, n− 3 n=5− 16r6n− 3
n  1mod 5 06r6(n− 6)=5, r = n− 4, n− 3 (n− 1)=56r6n− 3
n  2mod 5 06r6(n− 2)=5, r = n− 4, n− 3 (n− 2)=56r6n− 3
n  3; 4mod 5 06r6[n=5], r = n− 4, n− 3 [n=5] + 16r6n− 3
6. Conclusion
In the case of maximum non-hamiltonian graphs (that is when r=0), nearly all are
Type I; there is just one exception for n=5, when in addition to the Type I maximum
graph there is also one of Type II. In this generalization, uniqueness is again the norm,
but by contrast it is more usual for the maximum graph to be of Type II.
It is curious that the number 5 still is important, in that the congruence class of n
modulo 5 is important, and also because the changeover from a Type I to a Type II
maximum graph occurs when r is approximately n=5, that is when the average number
of vertices required to be spanned by each path is about 5.
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